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Mathematics and Modelling Refresher Course Practice Problems

Ordinary Differential Equations

First-Order ODE: Variable Separable

4-1 cos2 ydx+(1+e−x) sin ydy = 0 ANS ln(ex +1)= −
1

cos y
+C; cos y=0

4-2 x cos2 y dx + ex tan y dy = 0 ANS e−x(x+1) =
1

2 cos2 y
+ C; cos y=0

4-3 x (y2 + 1) dx + (2y + 1) e−x dy = 0 ANS (x−1)ex + ln(y2+1) + tan−1y = C

4-4 x y3 dx + ex2
dy = 0 ANS e−x2

+
1
y2 = C; y=0

4-5 x cos2 y dx + tan y dy = 0 ANS x2 + tan2 y = C

4-6 x y3 dx + (y+1)e−x dy = 0 ANS ex (x−1) −
1
y

−
1

2y2 = C; y=0

Linear First-Order ODE

4-7 (1 + y cos x) dx − sin x dy = 0 ANS y = − cos x + C sin x

4-8 (sin2 y + x cot y)y ′ = 1 ANS x = sin y(C− cos y)

4-9 dx − (y − 2x y) dy = 0 ANS 2x = 1 + C exp(−y2)

4-10 dx − (1 + 2x tan y) dy = 0 ANS 2x cos2 y = y + sin y cos y + C

4-11 dx + (x − y2) dy = 0 ANS x = y2 − 2y + 2 + Ce−y

4-12 y dx = (e y + 2x y − 2x) dy ANS y2 x = Ce2 y − (y+1)e y

4-13 (2x + 3)y ′ = y + (2x + 3)1/2, y(−1)=0 ANS 2y=
√

2x+3 ln
∣

∣2x+3
∣

∣

4-14 y dx + (y2 e y − x) dy = 0 ANS x = C y − ye y
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Applications of First-Order ODE

4-15 At a crime scene, a forensic technician found the body temperature of the victim was 33◦C at 6:00
p.m. One hour later, the coroner arrived and found the body temperature of the victim fell to 31.5◦C.
The forensic technician determined that the change in the atmospheric temperature could be modeled
satisfactorily as 20e−0.02 t in the time window of ±3 hours starting at 6:00 p.m. It is known that the
body temperature of a live person is 37◦C.When was the victim murdered? ANS 3:42 p.m.

4-16 Suppose that the air resistance on a parachute is proportional to the effective area A of the parachute,
which is the area of the parachute projected in the horizontal plane, and to the square of its velocity
v, i.e., R=kAv2, where k is a constant. A parachute of mass m falls with zero initial velocity, i.e.,
x(t)=0 and v(t)=0 when t=0.

m

(1) Show that the terminal velocity vT of the parachute is vT = lim
t→∞

v(t) =
√

mg

kA
.

(2) Show that the velocity and the displacement of the mass are given by

v(t) = vT tanh
( gt

vT

)

, x(t) =
v2

T

g
ln cosh

( gt

vT

)

. tanh z =
ez − e−z

ez + e−z

4-17 Shown in the figure is an experimental race car propelled by a rocket motor. The drag force (air
resistance) is given by R=βv2. The initial mass of the car, which includes fuel of mass mf, is m0. The
rocket motor is burning fuel at the rate of q with an exhaust velocity of u relative to the car. The car is
at rest at t=0. Show that the velocity of the car is given by, for 06 t 6 T,

v(t) = µ ·
1 −

( m

m0

)

2βµ
q

1 +
( m

m0

)

2βµ
q

, m=m0−qt, µ2 =
qu

β
,

T=mf/q is the time when the fuel is burnt out.

For m0 =900 kg, mf =450 kg, q=15 kg/sec, u=500 m/sec, β =0.3, what is the burnout velocity of

the car? ANS vf =555.2 km/hr
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4-18 For the circuit shown, determine v(t) for t >0. ANS v(t) =
R1V0

R1+R2

(

1−e−t/τ
)

, τ =
CR1R2
R1+R2

V0 C

R2

R1
v

t=0

4-19 For the circuit shown, find i(t) for t >0. ANS i(t) = e−t/40 (A)

1F

0.5 i

40�

20�

40V

i

t=0

4-20 As an engineer, you are asked to design a bridge pier with circular horizontal cross-sections as shown
in the following figure.

yO

12 m

AA0

A1 B
x

The height of the pier is 12 m. The top cross-section is subjected to a uniformly distributed pressure
with a resultant P=3×105 N. It is known that the material of the pier has a density ρ =2.5×104

N/m3 and an allowable pressure PA =3×105 N/m2. Design the bridge pier with a minimum amount
of material and include the weight of the bridge pier in the calculations.
(1) Note that the surface of the pier is obtained by rotating curve AB about the x-axis. Determine

the equation of curve AB.

(2) Determine the areas of the top and bottom cross-sections A0 and A1.

ANS y=
1

√
π

exp
( x

24

)

, A0 =1 m2, A1 =2.718 m2
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4-21 A tank in the form of a right circular cone of height H, radius R, with its vertex below the base is
filled with water as shown in the following figure. A hole, having a cross-sectional area a at the vertex,
causes the water to leak out. Assume that the leaking flow velocity is v(t)= c

√

2gh(t), where c is the
discharge coefficient.

(1) Show that the differential equation governing the height of water level h(t) is

h
3
2 dh

dt
= −

acH2

A

√

2g, A = πR2.

(2) Show that the time for the cone to empty is T =
2A

5ac

√

H

2g
.

h(t)
H

R

r

4-22 Lake Ontario has a volume of approximately V=1600 km3. It is heavily polluted by a certain pollutant
with a concentration of c0 =0.1%. As a part of pollution control, the pollutant concentration of the
inflow is reduced to cin =0.02%. The inflow and outflow rates are Qin =Qout =Q=500 km3 per year.
Suppose that pollutant from the inflow is well mixed with the lake water before leaving the lake. How
long will it take for the pollutant concentration in the lake to reduce to 0.05%? ANS t = 3.14 years

4-23 A water tank in the form of a right circular cylinder of cross-sectional area A and height H is filled with
water at a rate of Q (volume per unit time) as shown in the following figure. A hole, having a cross-
sectional area a at the base, causes the water to leak out. The leaking flow velocity is v(t)= c

√

2gh(t),
where c is the discharge coefficient. The tank is initially empty. Show that the time T to fill the tank is

T =
2A

b2

(

−b
√

H + Q ln
Q

Q−b
√

H

)

, b = ac
√

2g.

h(t)

H A

Q

a
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Linear ODE

4-24 (D3 − 2D2 + D − 2)y = 0 ANS yC = A cos x + B sin x + Ce2x

4-25 (D3 + D2 + 9D + 9)y = 0 ANS yC = A cos 3x + B sin 3x + Ce−x

4-26 (D3 + D2 − D − 1)y = 0 ANS yC = (C0+C1x)e−x + Cex

4-27 (D3 + 8)y = 0 ANS yC = ex
[

A cos(
√

3x) + B sin(
√

3x)
]

+ Ce−2x

4-28 (D4−2D3+2D2−2D+1)y=0 ANS yC = (C0+C1x)ex +A cos x+B sin x

4-29 (D4 − 5D3 + 5D2 + 5D − 6)y = 0 ANS yC = C1e−x + C2ex + C3e2x + C4e3x

4-30 (D5 − 6D4 + 9D3)y = 0 ANS yC =C0+C1x+C2x2+(D0+D1x)e3x

4-31 y ′′ − 4y ′ + 4y = (1 + x)ex + 3e3x ANS y = (C0+C1x)e2x + (x+3)ex + 3e3x

4-32 y ′′ + y = −3 cos 2x ANS y=A cos x + B sin x + cos 2x

4-33 (D2 + 2D + 2)y = 5 cos x ANS y=e−x(A cos x+B sin x)+ cos x+2 sin x

4-34 (D2 − 2D + 2)y = 4x − 2 ANS y = ex(A cos x + B sin x) + 2x + 1

4-35 (D2 + 4)y = 4 sin 2x ANS y = A cos 2x + B sin 2x − x cos 2x

4-36 (D3 − D2 + D − 1)y = 15 sin 2x ANS y = Cex + A cos x + B sin x + 2 cos 2x + sin 2x

4-37 (D3 + 3D2 − 4)y = 40 sin 2x ANS y = (C0 + C1x)e−2x + C2ex + cos 2x − 2 sin 2x

4-38 y ′′′ − y ′′ + y ′ − y = 2ex + 5e2x ANS y = A cos x + B sin x + Cex + xex + e2x

4-39 (D3 − 6D2 + 11D − 6)y = 10ex sin x ANS y = C1ex + C2e2x + C3e3x + ex(3 sin x − cos x)
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Applications Linear ODE

4-40 A cube of mass m is immersed in a liquid as shown. The length of each side of the cube is L. At time
t=0, the top surface of the cube is leveled with the surface of the liquid due to buoyancy. The cube is
lifted by a constant force F. Show that the time T when the bottom surface is leveled with the liquid
surface is given by

T =

√

L

g
cos−1

(

1−
mg

F

)

.

y, y, y m

L

L

F

t =0

Time t
t =T

F

4-41 A mass m is dropped with zero initial velocity from a height of h above a spring of stiffness k as
shown in the following figure. Determine the maximum compression of the spring and the duration
between the time when the mass contacts the spring and the time when the spring reaches maximum
compression.

ANS ymax =
√

mg

k

(

2h+
mg

k

)

+
mg

k
, T =

√

m

k

( π

2
+ tan−1

√

mg

2hk

)

m

k

h

4-42 The following figure shows the configuration of a displacement meter used for measuring the vibration
of the structure that the meter is mounted on. The structure undergoes vertical displacement a0 sin �t

and excites the mass-spring-damper system of the displacement meter. The displacement of the mass
is recorded on the rotating drum. It is known that m=1 kg, k=1000 N/m, c=5 N ·sec/m, and
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the steady-state record on the rotating drum shows a sinusoidal function with frequency of 5 Hz and
peak-to-peak amplitude of 50 mm. Determine the amplitude a0 and the frequency f =�/(2π) of the
displacement of the structure. ANS a0 =4.0 mm, f=5 Hz

m

c

k

a0 sin�t

2a

4-43 For the circuit shown in Figure (a), the switch has been at position a for a long time prior to t=0−. At
t=0, the switch is moved to position b. Determine i(t) for t >0. ANS i(t) = (3−9t)e−5t (A)

t=0

i

a

b

4A

2H

0.02F 14�

2�

6�

12V

t=0

t=0

V(t)
R

a

b

L C

I0

vC

(a) (b)

4-44 For the circuit shown in Figure (b), the switch has been at position a for a long time prior to t=0−. At
t=0, the switch is moved to position b. Show that the differential equation governing vC(t) for t >0
is

d2vC

dt2
+

R

L

dvC

dt
+

1
LC

vC =
V(t)

LC
, vC(0+) = −RI0,

dvC(0+)

dt
= 0.

For R=6 �, C= 1
25 F, L=1 H, I0 =1A, V(t) =39 sin 2t (V), determine vC(t) for t >0.

ANS vC(t) = 7e−3t(2 cos 4t− sin 4t)+35 sin 2t−20 cos 2t (V)
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Laplace Transform

4-45 f(t) = 4t3 − 2t2 + 5 ANS F(s) =
24−4s+5s3

s4

4-46 f(t) = 3 sin 2t − 4 cos 5t ANS F(s) =
6

s2+4
−

4s

s2+25

4-47 f(t) = e−2t(4 cos 3t + 5 sin 3t) ANS F(s) =
4s+23

s2+4s+13

4-48 f(t) = 3 cosh 6t + 8 sinh 3t ANS F(s) =
3s

s2−36
+

24
s2−9

4-49 f(t) = 3t cos 2t + t2 et ANS F(s) =
3(s2−4)
(s2+4)2 +

2
(s−1)3

4-50 f(t) =

{

0, t< π ,

sin t, t >π.
ANS F(s) = −

e−πs

s2+1

4-51 f(t) =

{

0, t< 1,

4t2+3t−8, t >1.
ANS F(s) = e−s

( 8
s3 +

11
s2 −

1
s

)

Inverse Laplace Transform

4-52 F(s) =
s

(s+1)3 ANS f(t) =
(

t− 1
2 t2

)

e−t

4-53 F(s) =
4(2s+1)

s2−2s−3 ANS f(t) = 7e3t + e−t

4-54 F(s) =
3s+2

s2+6s+10 ANS f(t) = e−3t (3 cos t−7 sin t)

4-55 F(s) =
3s2+2s−1
s2−5s+6 ANS f(t) = 3δ(t) + 32e3t − 15e2t

4-56 F(s) =
30

(s2+1)(s2−9) ANS f(t) = −3 sin t + sinh 3t

4-57 F(s) =
13s

(s2−4)(s2+9) ANS f(t) = − cos 3t + cosh 2t

4-58 F(s) =
40s

(s+1)(s+2)(s2−9) ANS f(t) = 10e−3t − 16e−2t + 5e−t + e3t

4-59 F(s) =
8

(s−1)(s+1)2(s2+1) ANS f(t)=et−(2t+3)e−t+2 cos t−2 sin t
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Solve ODE Using Laplace Transform

4-60 y ′′ + 4 y ′ + 3 y = 60 cos 3t, y(0) = 1, y ′(0) = −1 ANS y(t) = 5e−3t − 2e−t −2 cos 3t + 4 sin 3t

4-61 y ′′+ y ′−2 y=9e−2t, y(0)=3, y ′(0)= −6 ANS y(t)=et−(3t−2)e−2t

4-62 y ′′ − y ′ − 2 y = 2t2 + 1, y(0) = 6, y ′(0) = 2 ANS y(t) = 5e−t + 3e2t − t2 + t − 2

4-63 y ′′ − 2 y ′ + y = 4e−t + 2et, y(0) = −1, y ′(0) = 2 ANS y(t) = e−t + (t2+5t−2)et

4-64 y ′′ − 2 y ′ + 5 y = 8et sin 2t, y(0) = 1, y ′(0) = −1 ANS y(t) = −(2t−1)et cos 2t

4-65 y ′′ + y ′ − 2 y = 54te−2t, y(0) = 6, y ′(0) = 0 ANS y(t) = −(9t2+6t)e−2t + 6et

4-66 y ′′ − y ′ − 2 y = 9e2t H(t−1), y(0) = 6, y ′(0) = 0

ANS y(t) = 4e−t + 2e2t + [(3t−4)e2t + e3−t]H(t−1)

4-67 y ′′ + 2 y ′ + y = 2 sin t H(t−π), y(0) = 1, y ′(0) = 0

ANS y(t) = (t+1)e−t − [ cos t + (t+1−π)eπ−t]H(t−π)

4-68 y ′′ − 5 y ′ + 6 y = δ(t−2), y(0) = −1, y ′(0) = 1

ANS y(t) = −4e2t + 3e3t + [e3(t−2) − e2(t−2)]H(t−2)
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