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CHAPTER 7

Thermalhydraulic Analysis

prepared by:
Dr. Wm. J. Garland, Professor Emeritus,

Department of Engineering Physics,
McMaster University, Hamilton, Ontario, Canada

Summary:

This chapter is concerned with thermalhydraulic analysis of the process systems that are
required to transport heat energy away from the nuclear reactor source and transform this heat
energy into useful work (generally electrical energy. Thermal hydraulic system behaviour is
largely determined by the simultaneous solution of the equations that govern the four variables
(flow, pressure, density and enthalpy). The general mass, energy and momentum conservation
equations are presented in general terms and are simplified to the common approximate forms
used in systems modelling. The equation of state that is required for closure is explored with
particular emphasis on implementation. Process system solution algorithms are investigated.
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2 Basic Equations for Thermalhydraulic Systems Analysis

2.1 Introduction
This section presents the basic mass, momentum and energy equations used in typical
computer codes for thermalhydraulic simulation. The equations are derived from first
principles and the necessary approximations lead to the requirements for empirical
correlations. Closure is obtained by the equation of state.

The known territory of the basic mass, energy and momentum conservation equations (Bird et
al [BIR60]) is explored, herein, from the perspective of thermalhydraulic systems analysis for
nuclear reactors. See also [CAR95] for seminal coverage of this topic.

Invariably in the modelling of fluids, the conservation equations are cast in one of two main
forms (Currie [CUR74]): integral or distributed approach. The distributed (differential) form
sees infrequent use in the analysis of thermalhydraulic systems since the cost and complexity of
such a detailed analysis on even a single complex component of a system is enormous, which
makes this route to the analysis of systems of such complex components unrealizable.
Recourse is generally made to the integral or lumped form so that inter-relationships of various
components comprising a system can be simulated. Necessarily, the models used for the
individual components are much simpler than that of the detailed models based on the
distributed approach. Great care must be taken to ensure that the simpler models of the
integral approach are properly formulated and not misused.

It behooves us, then, to develop the models used in thermalhydraulic systems analysis from first
principles. This will provide a traceable and verifiable methodology to aid development and
validation of system codes, to elucidate the necessary assumptions made, to show pitfalls, to
show the common roots and genealogy of specific tools like FLASH [POR69], SOPHT [CHA75a,
CHA75b, CHA77a, CHA77b, SKE75, SKE80], RETRAN [AGE82], FIREBIRD [LIN79], CATHENA
[HAN95], etc., and to help guide future development.

The exploration proceeds by first establishing and discussing the general principle of
conservation. Next, this general principle is applied in turn to mass, momentum and energy to
arrive at the specific forms commonly seen in the systems approach. Closure is then given via
the equation of state and by supporting empirical correlations. Finally, the ideas developed
are codified in a diagrammatical representation to aid in the physical interpretation of these
systems of equations and to provide a summary of the main characteristics of fluid systems.

2.2 Conservation
We start, both historically and pedagogically, with a basic experimental observation:

"CONSERVATION".

This was, and is, most easily understood in terms of mass:

"WHAT GOES IN MUST COME OUT UNLESS IT STAYS THERE

OR IS GENERATED OR LOST SOMEHOW".
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7) critical heat flux information (this is not needed for the solution of the process equations
but a measure of engineering limits is needed to guide the use of the solutions of the
process equations as applied to process design;

The above list of correlations, large enough in its own right, is but a subset of the full list that
would be required were it not for a number of key simplifying assumptions made in the
derivation of the basic equations. The three major assumptions made for the primary heat
transport system are:

1) one dimensional flow;
2) thermal equilibrium (except for the pressurizer under insurge); and
3) one fluid model (i.e. mixture equations).

These are required because of state of the art limitations (however, two fluid models are being
used increasingly in recent years.). Empirical correlations were discussed in more detail in
Chapter 6.

2.8 Solution Overview
Because of the complexity of solving the mass, momentum and energy equations plus
supporting equations of state and empirical correlations all subject to initial and boundary
conditions, it is quite easy to "not see the forest for the trees". A skeleton overview may help
in this regard. Figure 1 illustrates the equations and the information links between them. In
words, the momentum equation gives the flows or velocities from one node to another, or from
one grid point to another, based on a given pressure, flow, mass and energy distribution. The
updated flows are used by the mass and energy equations to update the mass and energy
contents at each location. The new mass and energy are given to the equation of state to
update the pressure distribution. The new pressure, along with the new densities and
energies are used by the momentum equation, and so on. In this manner, a time history of
the fluid evolution is obtained. Of course, only the main variables are noted. The numerous

Figure 1 The four cournerstone single phase flow equations and the flow of
information between them.
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and diverse empirical correlations require updates on the main variables and many secondary
variables. This information also "flows" around the calculation.

A further point to note on the solution overview is that each phase in a multiphase flow has a
main information flow path as shown in figure 2. In the full UVUEUP (unequal velocity, energy
and pressure) model, there are two distinct phases: one for the vapour phase and one for the
liquid phase. If a simplified model was imposed, this essentially means that the planes would
touch at some point. For instance, if equal pressure in both phases was assumed, then figure
3 would result. Here, the equation of state is common to both planes.

The HEM (homogeneous equilibrium model) is the fully collapsed case where both planes
collapse into one (figure 1). You may find these images to be useful in conceptualizing the
basic equations and how they fit together.

The precise solution procedure that you might employ is case dependent. At present, no
general solution scheme exists because the nuances of specific problems are subtle and
because one cannot usually afford to ignore the efficiency and cost savings gained by tuning a
method to a particular case. The economics of using a case specific code are changing,
however, with developments in the microcomputer field and with the realization that total
design and analysis time can often be reduced by using a less efficient but more robust code.
Codes such as SOPHT and CATHENA [HAN95] are a direct result of this realization. The near
term evolution will likely be affected mostly by microcomputer developments.

Figure 2 The four cornerstone equations for the two-fluid model.
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2.9 Problems
1. Referring to figure 1:

a. Explain the inter-relationship between the mass, momentum and energy equations
and the equation of state.

b. For the integral form, devise a simple solution scheme for the transient equations.
Show what equations are being solved and how they are being solved. Flow chart
your scheme.

Figure 3 The four cornerstone equations for the full two-fluid model with
equal pressure of the two phases.
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These mass and energy equations are averaged over the volume in question, hence they do not
capture any detail within the volume. Know
equation of state gives the pressure. Flow, however, is driven by pressure differences. Hence
it naturally follows that the momentum equation should be applied between the points of
known pressure, ie, between vol
grid method. In the lumped approach, it is called the node
figure 5. Volumes are represented by nodes, flow paths are represented by links.

To assign nodes and links to a given piping configuration, say the simple pipe of figure
best to first focus on the flow modelling. The key question to ask is: Where should the link
endpoints (ie the node centres) be placed? The node centre locations define the positions at
which the pressure will be evaluated and this is important for correct flow calculations. For
constant area pipes, the placement is not critical but at junctions and area change
simplified if node centres are placed at junctions and pipe area changes. For the case shown
in figure 7 (a), if the flow were going from left to right and the junction resistance were included
in link 1, then the pressure at node 2 would
Carefully plan the node-link configuration to match the problem at hand. If possible, avoid
running links across area changes since this inserts ambiguity into the flow area of the link
model, as illustrated in figure 7 (b).

Figure
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These mass and energy equations are averaged over the volume in question, hence they do not
capture any detail within the volume. Knowing the mass and energy of a volume, the
equation of state gives the pressure. Flow, however, is driven by pressure differences. Hence
it naturally follows that the momentum equation should be applied between the points of
known pressure, ie, between volumes. In the distributed approach, this is called the staggered
grid method. In the lumped approach, it is called the node-link method and is illustrated in

. Volumes are represented by nodes, flow paths are represented by links.

To assign nodes and links to a given piping configuration, say the simple pipe of figure
best to first focus on the flow modelling. The key question to ask is: Where should the link

node centres) be placed? The node centre locations define the positions at
which the pressure will be evaluated and this is important for correct flow calculations. For
constant area pipes, the placement is not critical but at junctions and area change
simplified if node centres are placed at junctions and pipe area changes. For the case shown

(a), if the flow were going from left to right and the junction resistance were included
in link 1, then the pressure at node 2 would be the pressure just downstream of the junction.

link configuration to match the problem at hand. If possible, avoid
running links across area changes since this inserts ambiguity into the flow area of the link

(b).

Figure 5 Two connected nodes.
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These mass and energy equations are averaged over the volume in question, hence they do not
ing the mass and energy of a volume, the

equation of state gives the pressure. Flow, however, is driven by pressure differences. Hence
it naturally follows that the momentum equation should be applied between the points of

umes. In the distributed approach, this is called the staggered
and is illustrated in

. Volumes are represented by nodes, flow paths are represented by links.

To assign nodes and links to a given piping configuration, say the simple pipe of figure 6, it is
best to first focus on the flow modelling. The key question to ask is: Where should the link

node centres) be placed? The node centre locations define the positions at
which the pressure will be evaluated and this is important for correct flow calculations. For
constant area pipes, the placement is not critical but at junctions and area changes, modelling is
simplified if node centres are placed at junctions and pipe area changes. For the case shown

(a), if the flow were going from left to right and the junction resistance were included
be the pressure just downstream of the junction.

link configuration to match the problem at hand. If possible, avoid
running links across area changes since this inserts ambiguity into the flow area of the link
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Figure 6
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Node-link setup for a simple pipe.
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Figure 7
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Node-link setup for an area change in a pipe.
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the propagation of a disturbance as illustrated in figure
time spectrum, a 5 node approximation (say) m
and headers may also give more diffusion than plug flow. These pipes are large diameter and
the flow is turbulent. Very little is know of flow regimes and propagation properties in these
situations.

In short, careful attention should be given to nodalization for meaningful simulation, quite apart
from the normal numerical concerns such as the Courant limit, etc.

Figure 10 Transmission of a step change using the plug flow mod
a feeder model with skewing due to differences in transit times.
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the propagation of a disturbance as illustrated in figure 10. Thus, depending on the transit
time spectrum, a 5 node approximation (say) may be quite a good representation. The risers
and headers may also give more diffusion than plug flow. These pipes are large diameter and
the flow is turbulent. Very little is know of flow regimes and propagation properties in these

short, careful attention should be given to nodalization for meaningful simulation, quite apart
from the normal numerical concerns such as the Courant limit, etc.

Transmission of a step change using the plug flow mod
a feeder model with skewing due to differences in transit times.
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. Thus, depending on the transit
ay be quite a good representation. The risers

and headers may also give more diffusion than plug flow. These pipes are large diameter and
the flow is turbulent. Very little is know of flow regimes and propagation properties in these

short, careful attention should be given to nodalization for meaningful simulation, quite apart

Transmission of a step change using the plug flow model and
a feeder model with skewing due to differences in transit times.
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3.4 Examples
In figures 11 to 13, some common piping situations are depicted. In figure
junction, note that each link has a unique junction resistance associated with th
that link. Note also that a link has a unique upstream node and a unique downstream node.
Links are always terminated by nodes at either end; in effect, the nodes provide boundary
conditions for the links. There are 2 nodes per link, no mo
hand, can have many links connected to it.

The Y junction of figure 12 has a node link structure that is identical to the Tee junction. The
differences in the two types of junctions are captured in the details of the co
friction, flow regimes, etc.

Figure 13 shows a CANDU HTS header and connecting piping. Note that there is no best or
unique node-link representation. The requirements of the problem at hand dictates the
number of nodes and links and the la
place a node centre at the point of a pressure measuring device so that experimental data can
be more readily compared to the simulation results.

Figure 14 shows a typical nod-link diagram

Figure
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, some common piping situations are depicted. In figure
junction, note that each link has a unique junction resistance associated with th
that link. Note also that a link has a unique upstream node and a unique downstream node.
Links are always terminated by nodes at either end; in effect, the nodes provide boundary
conditions for the links. There are 2 nodes per link, no more, no less. A node, on the other
hand, can have many links connected to it.

has a node link structure that is identical to the Tee junction. The
differences in the two types of junctions are captured in the details of the co

shows a CANDU HTS header and connecting piping. Note that there is no best or
link representation. The requirements of the problem at hand dictates the

number of nodes and links and the layout of the representation. For instance, it is useful to
place a node centre at the point of a pressure measuring device so that experimental data can
be more readily compared to the simulation results.

link diagram for a CANDU Heat Transport System simulation.

Figure 11 Simple Tee junction.

Figure 12 Simple Y junction.
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, some common piping situations are depicted. In figure 11, a simple Tee
junction, note that each link has a unique junction resistance associated with the flow path of
that link. Note also that a link has a unique upstream node and a unique downstream node.
Links are always terminated by nodes at either end; in effect, the nodes provide boundary

re, no less. A node, on the other

has a node link structure that is identical to the Tee junction. The
differences in the two types of junctions are captured in the details of the correlations for

shows a CANDU HTS header and connecting piping. Note that there is no best or
link representation. The requirements of the problem at hand dictates the

yout of the representation. For instance, it is useful to
place a node centre at the point of a pressure measuring device so that experimental data can

for a CANDU Heat Transport System simulation.
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Figure 14 Sample node

Figure 13
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Sample node-link connection for a header.

13 Node-link diagram: ¼ circuit CANDU.
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3.6 Exercises
1. For the 4 node, 5 link example of section 3.5, write out the flow and enthalpy equations as

individual equations and in matrix form. Compare the structure of AWP and AHW to AMW,
where the superscript WP denotes that the matrix relates to the flow equation and the
pressure vector, and the superscript HW denotes that the matrix relates to the enthalpy
equation and the flow vector.

2. For the case of 2 connected, open tanks of water with surfaces at different elevations, set up
the node-link diagram and the mass, momentum and enthalpy equations.

3. What would be different if the tanks in question 2 were closed?

Figure 15 4 Node - 5 link diagram.
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Consequently, system codes are hampered by the form of water property data commonly
available.

A key point to note is that the conservation equations are all cast as rate equations whereas the
equation of state is typically written as an algebraic equation. This arises from the basic
assumption that, although the properties of mass, momentum and energy must be traced or
solved as a function of time and space, the corresponding local pressure is a pure function of
the local state of the fluid. Process dynamics are not considered. This is the essence of the
equilibrium assumption (in a like manner, of course, we invariably use steady state heat transfer
coefficients, etc. in dynamic processes). Historically, this mixture of form arose because
thermodynamics endeavours were concerned with equilibrium states and not with system
processes. System modellers, on the other hand, emphasized system dynamics and used what
was available for constitutive relations. System modellers are more concerned with numerical
problems.

But the decisive role of the equation of state in determining system dynamics was recognized
early. Paynter [PAY60] identifies the power throughput as being the most important
parameter for system dynamics. Power is composed of the product of effort (i.e. force or
pressure) and flow. Porsching [POR71] correctly identifies the important role of flow in his work
and by keying the formulation of node-link networks to flow, stable, efficient and accurate

Figure 16 P-v-T surface for water .
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Figure 19 Density vs. pressure at various temperatures in sub

Figure 20 Basis for curve fitting in the subcooled region.
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Density vs. pressure at various temperatures in sub-cooled water.

Basis for curve fitting in the subcooled region.
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cooled water.
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5 The Rate Form of the Equation of State

5.1 Introduction
In conjunction with the usual rate forms of the conservation equations, the time derivative form
of the Equation of State is investigated from a numerical consideration point of view. By
recasting the equation of state in a form that is on equal footing with the system conservation
equations, several advantages are found. The rate method is found to be more intuitive for
system analysis, more appropriate for eigenvalues extraction, as well as easier to program and
to implement. Numerically, the rate method is found [GAR87a] to be more efficient and as
accurate than the traditional iterative method.

First, the derivation of the rate form of the Equation of State is presented. Systematic
comparison between the new method and the traditional iterative method is made by applying
the methods to a simple flow problem. The comparison is then extended to a practical
engineering problem requiring accurate prediction of pressure.

5.2 The Rate Form
Presently, the conservation equations are all cast as rate equations whereas the equation of
state is typically written as an algebraic equation [AGE83]. This arises from the basic
assumption that, although the properties of mass, momentum and energy must be traced or
solved as a function of time and space, the corresponding local pressure is a pure function of
the local state of the fluid. Hence the equation of state is considered only as a constitutive
equation. This treatment puts the pressure determinations on the same level as heat transfer
coefficients. Although numerical solution of the resulting equation sets give correct answers
(to within the accuracy of the assumption), intuition is not generated and time-consuming
iterations must be performed to get a pressure consistent with the local state parameters.

The time derivative form of the Equation of State is investigated, herein, in conjunction with the
usual rate forms of the conservation equations. This gives an equation set with two distinct
advantages over the use of algebraic form of the Equation of State normally used.

The first advantage is that the equation set used consists of four equations for each node or
point in space, characterizing the four main actors: mass, flow, energy and pressure. This
consistent formulation permits the straight-forward extraction of the system eigenvalues (or
characteristics) without having to solve the equations numerically.

The second advantage is that the rate form of the Equation of State permits the numerical
calculation of the pressure without iteration. The calculation time for the pressure was found
to be reduced by a factor of more than 20 in some cases (where the flow was rapidly varying)
and, at worst, the rate form was no slower than the algebraic form. In addition, because the
pressure can be explicitly expressed in terms of slowly varying system parameters and flow, an
implicit numeric scheme is easily formulated and coded.

This section will concentrate on this numerical aspect of the equation of state.
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Figure 22 Program flow diagram for the normal method.
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Figure 23 Program flow diagram for the rate method.
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Figure 25 Integrated flow error for the rate method and the normal method for
various fixed time steps, convergence tolerances and adjustment factors.

Figure 24 Number of iterations per pressure routine call for the normal method with a
time step of 0.01 seconds and a pressure tolerance of 0.001 of full scale (10 MPa).
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5.4 Numerical Investigations: a Practical Case
The comparison between the normal and rate methods is extended to a practical application
where a two node homogeneous model is used to simulate a transient of a small pressurizer
operating at near-atmospheric pressure. The procedure is briefly described in the following
[SOL85].

Figure 27 illustrates the problem. Steam and stratified liquid water in the pressurizer are
schematically shown as two control volumes (nodes). The nodal fluids are assumed to be at
saturated two-phase conditions corresponding to the pressure at their respective control
volumes. The overall boundary conditions to the system are the steam bleed flow at the top
of the pressurizer, the flow into and out of the pressurizer through the surge line, heat input
from heaters at the bottom of the pressurizer and heat loss to pressurizer wall.

The rate of change of mass, MS in the steam control volume and ML in the liquid control volume,
can be expressed by the following:

dMs
dt = -WSTB-WCD-WCI+WEI+WBR (137)

dML
dt = WSRL-WEI-WBR+WCD+WCI (138)

where WSTB is the steam bleed flow, WSRL is the surge line inflow, WCI is the interface
condensation rate at the liquid surface separating the steam control volume from the liquid

Figure 26 Flow vs. time for the implicit forms of the
normal and rate methods.
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control volume, WEI is the interface evaporation rate at the same liquid surface, WCD is the flow
of condensate droplets (liquid phase) from the bulk of the steam control volume toward the
liquid control volume, and WBR is the rising flow of bubbles (gas phase) from the bulk of liquid
volume toward the steam volume.

Figure 27 Schematic of control volumes in the pressurizer.
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Figure 28 Pressurizer's pressure transient for the rate method.

Figure 29 Pressurizer's pressure transient for the normal method with
error tolerance of 0.2%.
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improved.

Overall the method is usually faster and more accurate. Time savings peaked at a ratio of 26
for the cases considered.

5.6 Problems
6. Consider 2 connected volumes of water with conditions as shown in figure 21. Model this

with 2 nodes and 1 link.

a. Solve for the pressure and flow histories using the normal iterative method for the
equation of state,

b. Solve for the pressure and flow histories using the non-iterative rate method.

c. Compare the two solutions and comment.

7. Vary the initial conditions of question 1 so as to cause void collapse in volume 2 during the
transient. What problems can you anticipate? Solve this case by both methods.
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6 Thermalhydraulic Network Simulation

6.1 Introduction
This section introduces some more advanced numerical algorithms for solving systems of
ordinary differential equations such as found in the modelling of thermalhydraulic networks.
Explicit algorithms are simple to devise and program but they are restricted in time step so as to
ensure stability. The more implicit the formulation, the more stable the solution in most
instances. Larger time steps can be used for implicit algorithms but the accompanying matrix
manipulation is computationally costly. Herein, we explore the tradeoffs.

Porcsching’s method is explored to show the methodology and its limitations. Then the rate
form of the equation of state is used with the conservation equations to develop a generalized
fully implicit (at least in terms of the main variables) formalism. Porsching’s method is a
special case of the general method. The section concludes with some programming notes.

6.2 Porsching’s Method
One of the more successful algorithms for thermalhydraulic simulation is based on the work of
Porsching [POR69, POR71]. This algorithm, involving the Jacobian (derivative of the system state
matrix), is used originally in the computer program FLASH-4 [POR69] and subsequently in the
Ontario Hydro program SOPHT [CHA77] and evolved into forms used in RETRAN [AGE82].

The strength of Porsching's approach lies in its recognition of flow as the most important
dependent parameter and, hence, its fully implicit treatment of flow. This leads to excellent
numerically stability, consistency and convergence. Further, the Jacobian permits a generalized
approach to the linearization of nonlinear systems. This allows the development of a system
state matrix which contains all the system dynamics in terms of the dependent parameters of
mass, energy and flow. Back substitution finally gives a matrix rate equation in terms of the
system flow (the unknown) and the system derivatives. While this approach is certainly a proven
and successful one, it has some disadvantages. The matrix rate equation involving the Jacobian
is as complicated as it is general. The resulting expressions are somewhat obtuse and it is
difficult to obtain an intuitive feel for the system. This complexity also hinders implementation
in a simulation code and makes error tracking a tedious process. The pervasiveness and
obtuseness of the algorithm begs a revisit so as to distil the salient features, leaving them
exposed for pedagogy and further scrutiny.

Section 5 discussed the use of the Rate Form of the equation of state. This work showed that by
casting the equation of state in the form of a rate equation rather than the normal algebraic
form, the system state matrix can be more logically formed from the normal conservation rate
equations for mass, energy and momentum plus the pressure rate equation. These form the
four cornerstone equations in thermalhydraulic systems analysis (figure 1). Numerical
implementation of the rate form proved to be very successful, leading to roughly a factor of 10
improvement over the algebraic form of the equation of state, largely due to the iterative
nature of the algebraic form. Incorporating the implicit pressure dependency in the numerical
















