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Starter (Discussion) 

 So, what is Reactor Physics? 

 What do you expect to gain (learn) from an 

introductory course in reactor physics? 

 Is reactor physics a qualitative or a 

quantitative science? 

 Recall that this is just the Physics Refresher, 

so some of this discussion may apply more 

to the full course than to the Refresher. 
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Fission & Reactors 

 

A Bit of Review 

on Fission & Reactors 
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Neutron Reactions with Matter 

 Scattering: the neutron 
bounces off, with or without 
the same energy (elastic or 
inelastic scattering) 

 Activation: the neutron is 
captured, & the resulting 
nuclide is radioactive, e.g. 


16O(n,p)16N 


10B(n,)7Li 
 Radiative Capture: the 

neutron is captured and a 
gamma ray is emitted, e.g. 
 from stainless steel, or 


40Ar(n,)41Ar 
 Fission (follows absorption) 

  

 

elec tron 

neutron 

p roton Incident neutron, E1 

Scattered neutron, E2 

a EA 

E1 = E + E2 

Inelastic Scattering: 
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Elastic Scattering: 
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Neutron Absorption: 

Incident thermal neutron, E 

Gamma Photon, E 

Gamma Photon, E 

E    ~ 7 MeV 



Neutron Absorption in Nuclear Fuel 

 When a neutron is absorbed in a fuel nuclide, the 

2 most important (although not the only) 

consequences which can follow are 1) neutron 

capture and 2) fission. 

 The competition between neutron capture and 

fission, along with the neutron reactions with 

other materials in the reactor, determines 

whether the fission chain reaction can be self-

sustaining.  

  Neutrons are the agents of fission.  We 

need to know what the neutrons are doing.  
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A neutron splits a 

uranium nucleus, 

releasing energy (quickly 

turned to heat) and more 

neutrons, which can 

repeat the process. 

The energy released appears 

mostly in the kinetic energy 

of the fission products, with 

some in the energy of the 

neutrons and of beta and 

gamma radiation. 

(neutron-induced) 
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Outcome of Neutron-Induced Fission Reaction 

 Energy is released (a small part of the nuclear mass is 

turned into energy). 

 One neutron enters the reaction, 2 or 3 on the average 

(but possibly more) emerge, and they can induce more 

fissions. 

 This chain reaction can be self-perpetuating if at least 1 

of the neutrons released is able to induce more fissions.    

 By judicious design, research and power reactors can be 

designed for self-sustainability (criticality). 

 The energy release is open to control by controlling the 

number of fissions. 

 This is the operating principle of fission reactors. 



A Nuclear Generating Station 
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Components of a Nuclear Plant 

 What are the basic components of a nuclear 

generating station? 

 They consist of the nuclear reactor and the 

Balance of Plant. 

 The reactor must contain: 

 Nuclear fuel 

 Coolant (Heat-Transport System) 

 Moderator (in thermal reactors only) 

 Control and Shutdown Mechanisms               cont’d 
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Reactor Components 

 Nuclear fuel: Only very heavy nuclei are 

fissionable; these are isotopes of uranium and of 

plutonium and other transuranics.   

 Some nuclides can be fissioned by neutrons of 

any energy; these nuclides are called fissile; e.g., 
235U, 239Pu, 241Pu, 233U. 235U is the only naturally 

occurring fissile nuclide. 

 Fissionable but non-fissile nuclides, e.g., 238U, 

can be fissioned, but only by neutrons of energy 

greater than some specific threshold.                 
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Reactor Components (Cont’d) 

 Fissile nuclides are easier to fission than non-

fissile nuclides, and furthermore the fission cross 

section of fissile nuclides is much much greater 

for slow (thermal) neutrons.  Therefore it is 

much easier to build a reactor which relies on 

fissions induced by thermal neutrons.  

 Such a reactor is called a thermal reactor.  It 

requires a moderator, which is a light material, 

with atoms of low mass number, used to slow 

neutrons down to thermal energies.           cont’d  
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Reactor Components (Cont’d) 

 Fission processes transform some small fraction 

of the mass of the fuel to energy (E = mc2). 

 In a nuclear reactor, most of this energy is turned 

very quickly into heat (random kinetic energy). 

 Therefore a coolant is required to take away the 

heat and turn water into steam to feed the 

turbine-generator. 

 Finally, any reactor needs control mechanisms to 

control the fission chain reaction.  Some reactors 

have independent shutdown systems. 
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Components of Balance of Plant 

 The Balance of Plant must contain: 

 One or more Steam Generators (Boilers) to turn 

water into steam (unless the primary coolant is 

turned into steam in the reactor itself, and unless a 

gas coolant is used) 

 A Turbine-Generator to turn mechanical energy 

into electricity 

 Connections to the outside electrical grid. 

2022 August 15 



Basic Mathematics for Doing Calculations 

Reactor Physics is  

a Quantitative Science 

We Need to Know What Neutrons 

Are Doing (to High Accuracy) 

Here We Review Some Basic 

Topics in Mathematics 
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Vectors & Matrices 

 Why do we care about vectors and matrices? 

 Because we live in a multidimensional world, 

where particles can travel in all directions 

 So we have to put some order in how we deal with 

the multidimensionality 

 This is what vectors and matrices allow us to do 

 Some functions that we have to consider are 

essentially vector functions.   

 And operators on those functions can if we wish 

be written as matrices. 

                                                                  
2022 August 17 



Vectors & Matrices 

 A vector is a quantity which has a magnitude and a 

direction, e.g., 𝐴 = 𝐴𝑎 , where A is the magnitude 

and 𝑎  is a unit vector in the direction of 𝐴  

 Another way of writing A is 𝐴 . 

 A vector can be thought of as an “arrow” which 

marks a direction and has components along  

directional axes, e.g., x, y, z (although the axes and 

components need not have anything to do with the 

usual directional axes, and a vector can have 2, 3, 

…, any number of, components 
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Vectors & Matrices (cont’d) 

 So we could write a vector as  

𝐴 = 𝐴𝑥𝑖 +  𝐴𝑦𝑗 + 𝐴𝑧𝑘  

   where 𝐴𝑥 etc. are the components and 𝑖  etc. are  

    the unit vectors along the positive x, y, z axes.   

 We can also write a vector as a column (or row, 

although more usually a column) of numbers 

(components) in parentheses, e.g., 2-dimensional 

or n-dimensional vectors: 
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Addition of Vectors 

 Vectors with the same number of components 

can be added: 

 By components: 

 Or as arrows: 
 

                                    

 

 
                                    

 Vectors can also be integrated (infinite 

summation)!  
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Other Format for Vectors 

 Another format for writing vectors is often used, 

with an arrow above a letter, e.g.: 

 𝐴  

 In this notation the vector has magnitude A  

    and is in the direction of some unit vector, say 𝑎        

    i.e.,                       𝐴 = 𝐴𝑎  

 In 3-dimensional space, we usually denote the 

unit vectors along the positive x, y, and z axes as 

𝑖 , 𝑗 , 𝑘  respectively. 
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Matrices 

 A matrix is a collection of numbers written in 

rows and columns, e.g.: 

 

 

 

 
 

 Matrices need not be “square”, i.e., n need not be 

equal to m.  

 Note: A vector is a special case of a matrix. 

 Matrices find use as representations of operators.   
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Scalar (or Dot) Product of Vectors 

 The dot product of 2 vectors is important to know 

and understand. 

 e.g.: If  𝐴 =
𝑎1
𝑎2
𝑎3

 and 𝐵 =

𝑏1
𝑏2
𝑏3

,  

    the dot product is 𝐴 ∙ 𝐵 = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3    

 The dot product can also be interpreted as the 

product ABcos, where  is the angle between the 

vectors, or also as the magnitude of one vector 

times the projection of the other vector on the first.      
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Co-Ordinate Systems 

    A point in 3-dimensional space can be identified 

in a number of different co-ordinate systems.  The 

ones which will be most useful to us are: 

 Cartesian: here the co-ordinates are the familiar x, 

y, z 

 Cylindrical: here the co-ordinates are r,  , z (see 

diagram on next slide) 

 Spherical: here the co-ordinates are r,  ,  (or ) 

(see diagram on 2nd next slide).  Sometimes it is 

convenient to use =cos as variable instead of .  
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Cylindrical Co-Ordinates 
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z is the height of the 

point above the x-y 

plane; 

r is the distance 

from the origin to 

the point’s 

projection on the x-

y plane; 

  (I sometimes use 

) is the angle of 

rotation from the x-

axis to the point’s 

projection on the x-

y plane   



Spherical Co-Ordinates 
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r is the distance of 

the point from the 

origin; 

 is the polar angle 

(“co-latitude” of 

point from z-axis, 0 

to 180 deg); 

 (I use ) is the 

angle of rotation 

from the x-axis to the 

point’s projection on  

the x-y plane (similar 

to  in cylindrical co-

ordinates) 



Possible Directions of Motion 

 What is the total range of possible azimuthal 

angles? 

 What is the total range of possible polar angles? 

 All directions of motion contained within a given 

azimuthal-angle interval [1, 2] and a given 

polar-angle interval [1, 2] form a “solid angle”, 

which can also be associated with a given area 

on the surface of the unit sphere.  

 What is the total range of solid angles?  
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Differential Lengths (Distances) 
    Differential lengths ds are distances corresponding 

to differential changes in the various co-ordinates.  

They are needed for use in 1-d integrals in the 

various co-ordinate systems.  The case for special 

care is the one where the variable is an angle, for 

which the corresponding differential is an arc length. 

 In Cartesian co-ordinates, ds = dx, dy, dz 

 In cylindrical co-ordinates, ds = dr, rd, dz 

 In spherical co-ordinates,  

   ds= dr, rd, rsin d (Note: I sometimes use  

instead of ). 
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Differential Surface Areas 

 When we make parallelepipeds with sides which 

are differential lengths, we get differential 

surface areas, products of 2 differential lengths 

(see some in next slide): 

 In Cartesian co-ordinates, dydz, dzdx, dxdy 

 In cylindrical co-ordinates, perpendicular to 

directions along changes in r, , z:  

    rddz, drdz, rdrd 

 In spherical co-ordinates, perpendicular to 

directions along changes in r, ,  (or ):  

    r2sindd, rsindrd, rdrd  [Note the sin!]  
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Differential Surface Areas  

2022 August 30 



Functions of Direction (Angle) 

 In Cartesian co-ordinates, we write a function as 

𝑓 𝑥, 𝑦, 𝑧   

 In spherical co-ordinates, we can write 𝑓(𝑟, 𝜃, 𝛼) 
 You will often see the notation where the 

direction 𝜃, 𝛼  is represented as Ω . 
 In this notation the differential of Ω  is defined 

as 𝑑Ω = 𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝛼.  This is the same as the 
differential surface area on a unit sphere!   

 From this we see that integrals over direction 
are equivalent to surface integrals over a unit 
sphere!  
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Spherical Co-Ordinates: Instead of  

 Note: In spherical co-ordinates, it is often very 

useful, especially when evaluating integrals, to 

use   cos  as the variable, instead of the 

“co-latitude” variable . 

 This is so because d = - sind; when using 

, the sin is taken into account automatically. 
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Spherical Co-Ordinates:  Instead of  

 Note: In spherical co-ordinates, it is often very 

useful, especially when evaluating integrals, to 

use   cos  as the variable, instead of the “co-

latitude” . 

 This is particularly so because d = - sind, so 

that the more complicated quantity on the right 

can easily be replaced by the simpler differential 

d. 

 The range  = 0 to  is replaced by the range  = 

-1 to +1 (when expressed in this order instead of 

+1 to -1, it removes the minus sign).    
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Differential Volumes 

    Multiplying 3 differential lengths gives us 

differential volumes dV, needed in 3-d integrals 

in the various co-ordinate systems.  They are: 

 In Cartesian co-ordinates, dV = dxdydz 

 In cylindrical co-ordinates, dV= rdrddz 

 In spherical co-ordinates,  

   dV= rsindrddr  

       = r2sin d drd = (-) r2drdd (Note: See on 

next slide how we get rid of the minus sign)  
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Integrating Over Directions  

 In a reactor, we have neutrons moving in all 

directions, and we will have to integrate functions 

(say, neutron flux) over directions (angles). 

 Given 𝑓 Ω ≡ 𝑓 𝜃, 𝛼 , we can define  

    𝑓 Ω 𝑑Ω =   𝑓 𝜃, 𝛼 𝑠𝑖𝑛𝜃𝑑𝜃𝑑𝛼
𝜃2
𝜃1

𝛼2
𝛼1

 

   (don’t forget the sin !)     

   It is often convenient to write the integral as 

      𝑓 𝜇, 𝛼 𝑑𝜇𝑑𝛼
𝜇1
𝜇2

𝛼2
𝛼1

, with the order of the limits  

    on  opposite to that on , to remove the minus  

    sign on change of variable.  
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Derivative of a Function 

 The derivative of a function f of a single variable 

(x) is the rate of change of f with respect to x,  

 The change f in the value of f when x changes 

by a small amount x can then be approximated 

by:   
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Gradient 

 If we now consider a function f of 3 variables (x, 

y, z), then the value of f will (in general) change 

if there is a change in any of the 3 variables. 

 We can define the directional rates of change 

with respect to each variable separately: 

 

 And the change in the value of f when there are 

small changes in all the variables can be 

approximated by  
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Gradient (cont’d) 

 The gradient of f can be thought of as a vector.   
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Gradient (cont’d) 

 If we write the increments in the independent  

variables of f also as a vector in the general 

direction       ,  

 

    then the increment in f can be written as a dot 

product of the two vectors: 
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Physical Meaning of Gradient 

 If we imagine the increment in the independent 

variables to be a unit change in the direction  

 

   then we can see that the increment in f,  

   is simply the projection of f in the direction 
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Physical Meaning of Gradient (cont’d) 

 It is clear that this projection will be largest if 

the direction of        is the same as that of the 

vector      .  

 Thus we learn that the gradient         is a vector 

in the direction of greatest slope of f, with a 

magnitude equal to this greatest slope!              
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The Gradient Operator 

 In the previous slides, we defined the gradient of 

a function f. 

 We can think of that gradient as the action of a 

gradient operator on the function f.  In this 

interpretation, the gradient operator in Cartesian 

co-ordinates is written as 

 

 We can see that the gradient operator is a vector 

operator. 
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Gradient Operator in Other Co-Ordinates 

   From our knowledge of the differential lengths 

corresponding to the various variables (see prior 

slide), we can write the components of the 

gradient operator in other co-ordinates:  

 

2022 August 43 

















































sin

1
,

1
,,

,
1

,,

rrr
ordinatescosphericalIn

zrr
ordinatescolcylindricaIn







The Divergence of a Vector 

 In the previous slides, we saw that the gradient 

operator could be defined as a vector operator. 

 We saw the action of the gradient operator on a 

scalar function f. 

 But we can also define the action of the gradient 

operator can also operate on a vector function,    . 

 This action is defined as the divergence of the 

function, and is a dot product, written as        .  

 In Cartesian co-ordinates, the divergence is: 
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Physical Meaning of Divergence 

 Further in this presentation, we will return 

to this topic to understand the physical 

meaning of divergence. 
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Divergence in Other Co-Ordinates 

    If we write the vector function F in terms of its 

components in other co-ordinates, the divergence 

operator becomes:  
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Laplacian 

 The Laplacian of a function f , denoted        , is 

defined as the divergence of the gradient of f : 

 

 

 The Laplacian operator is a “2nd-derivative” 

operator. 

 What is another name for 2nd derivative 

[derivative of derivative]? 

 Curvature!  [In derivatives with respect to time, 

it’s called the acceleration.] 
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Laplacian 

 We will see later that we will need the 

Laplacian in reactor physics, in certain 

situations. 

 We consequently need the formulation of the 

Laplacian of the flux in the various co-

ordinate systems.   These are given in the next 

slide.  
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Laplacian of the Flux 
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Basic Physics for Doing Calculations 

Reactor Physics is  

a Quantitative Science 

We Need to Know What Neutrons 

Are Doing (to High Accuracy) 

Here We Review Some of the Basic 

Physics Concepts and Methods 
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Neutron Density in Space 

 Because neutrons are the agents of fission, we 

need in principle to know the numbers of 

neutrons, their speed and direction of motion. 

 Definitions: 
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Review of Concepts from Beams 

 We recall the following concepts introduced in the 

previous part of the course, when studying beams: 

 Beam IntensityNeutron Density in Beam x Speed:  

                  I = n  [units (n.)cm-2.s-1] 

 Microscopic cross section 𝜎 𝜐 [𝑜𝑟 𝐸]  [units cm2] 

 Macroscopic cross section Σ ≡ 𝑁𝜎 [units cm-1] 

  where N  Atomic Density = 
𝐴0𝜌

𝑀
 [units (n.)cm-3] 

    A0 = Avogadro’s Number,  

     = Physical Density [units g. cm-3], 

    M = Gram Atomic (or Molecular) Mass [units g]  
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Review of Concepts from Beams (cont’d) 

 For a given type of event (scattering, 

absorption, fission, etc.): 

   Reaction Rate at a Point: 

             R = I  [units (reactions).cm-3.s-1] 

 This is the reaction rate at a point, per unit 

volume and per unit time. 

 R can then of course be integrated (if 

desired) over any desired volume and/or 

time interval. 
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Cross Sections 

 , and , varies with: 

 the nuclide 

 the type of interaction i (scattering, absorption, 

fission, etc.) 

 the neutron speed  (or neutron energy E)  

 If there are several types of nuclide, the ’s 

simply add, since the reaction can be with any 

nuclide:  

       eff,i = N11,i+ N22,i + N33,i +… 

 For each type of interaction,  

                  Reaction Ratei = Ieff,i  
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Cross Sections 

 The ’s are obtained by experiment.  They must be 

measured (by aiming neutrons of various speeds at 

various targets).  They cannot be calculated from first 

principles. 

 Therefore experimental databases of cross-section 

values have been, and continue to be, developed by 

international teams of experimenters. 

 “Evaluated Data Sets” (such as ENDF/B-VI) are sets of 

cross-section values established over the ranges of 

neutron energy important in reactor applications.   They 

are of crucial importance to reactor-physics 

calculations. 
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Neutron Angular Flux 

 In a reactor there is no unique, well-defined beam.   

 However, we can consider all the neutrons of the same 

speed and direction of motion as a beam! 

 The intensity of this “angular beam” is called the    

 
 

    (a function of location, speed, and direction of motion Ω) 

 i.e., the angular flux is a true generalization of the concept 

of beam intensity.  Units are (n.)cm-2.s-1. 

 The point reaction rate of this “angular beam” at any point:  

 𝑅𝑖 = Σ𝑖 𝑟 , 𝜐  𝜙 𝑟 , 𝜐, Ω  Again, units are (reactions.)cm-3.s-1. 

 Note that  does not depend on Ω , as nuclei do not care 

from which direction the neutrons are coming!  
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Significance of Reaction Rates 

 Why do we care about reactions rates? 

 Because reaction rates tell us, quantitatively, 

what is happening (absorption, fission, 

scattering, etc.) 

 In reactor physics, we need to know all the 

reaction rates, at various points in the reactor, 

as well as the total  

 And in some cases we need also to be able to 

follow the rates in time as well. 

 It is clear again now that to calculate reaction 

rates we need both flux and cross section! 
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Angle-Integrated Flux for Speed  

 We can “add” all the angular fluxes at a point for a 

given speed : 
 

 The reason that this is meaningful is the note in the 

previous slide:  does not depend on Ω .  Therefore 

the total point reaction rate for neutrons of a given 

speed 𝜐, summed over all angular beams of neutrons 

at 𝑟 , is just:                                                   

𝑅𝑖 𝑟 , 𝜐 = Σ𝑖 𝑟 , 𝜐 𝜙 𝑟 , 𝜐   Units (reactions.)cm-3.s-1 

    This is a useful simplification.  
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Total Flux Integrated Over Angle & Speed  

 Since there are neutrons of many speeds, we can 

if we wish also go further and integrate the flux 

over any range of speeds 1 to 2: 

 

 

 The interval of speeds 1 to 2 could for instance 

span a defined range of “thermal” energies, or of 

“fast energies”, etc., over which the cross section 

() is constant or can be averaged. 
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Neutron Flux – A Pictorial View 

 A pictorial way of visualizing the neutron flux at 
a point (a small volume) starts with associating 
an arrow with each neutron.  The arrow shows 
the direction of motion of the neutron, and its 
length denotes the neutron’s speed. Then: 

 The sum of all the arrows of a given length and 
pointing in a given direction is the angular flux. 

 The sum of all the arrows of a given length is 
the angle-integrated flux for a given speed 

 The sum of all arrows of any length and any 
direction is the total flux integrated over all 
angles and speeds. 
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Neutron Flux – A Pictorial View 
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Unit 

Volume 

The angular flux is the 

sum of the distances 

(path lengths) which 

would be covered per 

unit time by the neutrons 

moving with that speed 

and in that direction.  

Then we can add the 

angular fluxes to get the 

angle-integrated flux and 

the total flux.  



Reaction-Rate Examples: Fission Rate, Power 

 In reactor physics we need to know reaction rates as 

accurately as possible. 

 The fission cross section f  is a function of neutron 

speed  (or energy E) and can be (and usually is) a 

function of position r, because there may be different 

materials at different points.   

 Then                                                              

 And the total fission rate in the reactor would be obtained 

by integrating this quantity over all neutron speeds and 

over the reactor volume.  

 The local (or total) power can be obtained from the local 

(or total) fission rate simply by multiplying by 200 MeV. 
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Reaction-Rate Examples: Neutron Yield Rate 

 If the average number of neutrons produced in a fission 

is  (don’t confuse this with neutron speed), we can 

define a new quantity, the neutron “production” (or 

“yield”) cross section  𝜈Σ𝑓 𝑟 , 𝜐 . 

 Then Yield rate of neutrons at 𝑟  = 𝜈Σ𝑓 𝑟 , 𝜐 𝜙 𝑟 , 𝜐  

 This can also be called the point neutron source. 

 The total neutron production rate in the reactor can be 

obtained by integrating the above quantity over volume.    

 It is of course important to distinguish between 

fission rate and yield rate (volumetric source). 
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Angular Current 

 To calculate any reaction rate, we need only the total 

flux as a function of neutron speed: for this we don’t 

need the angular fluxes. 

 However, the direction of motion is still important, 

because it tells us how neutrons move from place to 

place.  

 So we define a vector, the neutron angular current, 

equal to the angular flux in magnitude, but with a 

vector sign:  
      

     The units of current are the same as those of flux. 

 The current will be useful in calculating the “leakage” 

or movement of neutrons from one place to another.  
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Angle-Integrated Current for a Given Speed 

 Just as for the angular flux, we can integrate the 

angular current for a given speed over all 

directions of motion to get the angle-integrated 

current at the given speed: 

 
 

 Th angle-integrated current describes the “net” 

motion of the overall distribution of neutrons of 

speed  at      , within which, of course, are 

partial currents in various directions.   
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Total Current Integrated Over Speed 

 And we can integrate the current over speed as 

well if we wish: 
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Relationship Between Current & Flux 

 For the angular quantities, the relationship is 

very simple :  

    𝜙 𝑟 , 𝜐, Ω  is the magnitude of 𝐽 𝑟 , 𝜐, Ω  

  But this is not the case for the angle-integrated 

quantities: 

    𝜙 𝑟 , 𝜐  is NOT the magnitude of 𝐽 𝑟 , 𝜐   

    This is clear from the fact that adding arrows  

     in various directions (for 𝐽 ) cannot give the  

     same result as adding the arrow lengths (for )!   
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Now About Leakage 

 Leakage is very important to calculate, as the 

quantity which measures how neutrons move 

into or out of a region, or out of the whole 

reactor. 

 But there is no “cross section” for leakage, so 

leakage cannot be calculated in the same way 

as other reaction rates, i.e., as cross section 

times flux!  

 So now we must learn how to calculate leakage. 

 The first step is to calculate the number of 

neutrons crossing a plane. 
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Number of Neutrons Crossing a Plane 

 Clearly, the magnitude of                 [i.e.,             ] 

gives the number of neutrons of speed  crossing a 

unit area perpendicular to direction of motion Ω .  

 But if one wants to calculate the number of neutrons 

moving in direction Ω  which cross any other plane, 

at some angle   to Ω , then an additional factor 

needs to be applied.  

   is the angle between Ω  and the unit vector 𝑘  

perpendicular to the plane, and the factor required is  

    cos    Ω ∙ 𝑘 .   See next slide.                                  

    

                                                                       cont’d 
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Number of Neutrons Crossing a Plane (cont’d) 

Neutrons crossing 

a unit area on the 

plane are those 

which cross a 

smaller area, cos 

, perpendicular to 

their direction of 

motion. 

Number 

crossing unit area 

on plane = 

Ω 𝑐𝑜𝑠𝜃 

  = 𝐽 Ω ∙ 𝑘  
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Neutron Leakage from a Region 
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Now that we know how to calculate 

numbers crossing a plane, we can 

calculate the leakage out of a region 

(of any shape) by integrating over 

differential surface areas ds on the 

boundary around the region. 

Leakage of 𝐽  Ω  out of region =  𝐽  Ω ∙ 𝑘  𝑑𝑠
𝑠𝑢𝑟𝑓𝑎𝑐𝑒

  

where of course 𝑘  is always the outgoing normal at each point. 

There is a theorem (Gauss’s Theorem) with which we can rewrite 

the integral as a volume integral of the divergence:  𝑉 𝛻 ∙ 𝐽  Ω  𝑑𝑉  

So there are 2 different ways we can calculate the leakage; and the 

equations are good for any direction Ω  or for all directions.   



Physical Meaning of Divergence 

 We shall prove Gauss’s theorem in the next slides. 

 But for now we can use the equality of the 2 

equations to elucidate the physical meaning of 

divergence. 

 Since we can apply the equations over any region, 

even one of infinitesimal volume (a point) we can 

write 𝛻 ∙ 𝐽  𝑑𝑉 = Leakage out of "point" 
 i.e., the divergence of a vector is the “leakage per 

unit volume” of the vector out of an infinitesimal 

volume (point) where the divergence is evaluated.  
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Gauss’s Theorem 

 In the next slide, the proof of Gauss’s Theorem 

is given for a parallelepiped region, but the 

theorem holds holds for any shape of the 

infinitesimal volume. 

 Note: Gauss’s Theorem is true for any vector, 

e.g., in magnetism 𝛻 ∙ 𝐵 = 0, which means that 

there is no leakage of magnetic lines out of or 

into any region, i.e., magnetic lines are endless 

loops, any magnetic line which enters a region 

also exits it.  
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Divergence Theorem for Neutron Current 
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Leakage out of a Finite Volume  

 Subdivide a finite volume into infinitesimal 

subvolumes; apply the divergence theorem in 

each subvolume, and “add” all (i.e., integrate). 

 The “internal” leakages (across internal surfaces 

out of one subvolume and into a neighbouring 

subvolume) obviously cancel out, leaving only 

the leakage out of the external surface. 

 Therefore the net leakage out of the finite 

volume = the volume integral of the divergence 

of the current.   
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Leakage out of a Finite Volume  

We have just proved Gauss’s famous Theorem: 

Leakage out of volume 𝑉 =   𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝐽 ∙ 𝑘  𝑑𝑠   

                                           =  𝑣𝑜𝑙𝑢𝑚𝑒 𝛻 ∙ 𝐽  𝑑𝑉 
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Physical Meaning of Laplacian 

 The Laplacian of the flux  is useful in reactor 

physics, because of the Divergence Theorem 

and an approximation (Fick’s Law):                          

𝐽  𝜐  ∝ −𝛻𝜙 𝜐 = −𝐷𝛻𝜙 𝜐   with D a constant  

    (which can depend on location). 

   This says that the net angle-integrated current is 

proportional to the negative of the gradient of 

the flux , i.e., the net neutron current flows 

from areas of high flux to areas of low flux. 

   [Note that Fick’s approximation applies to the 

total (net )current, NOT the angular current!] 
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Relationship Between Leakage and Laplacian 

 The Fick’s Law approximation allows us to 

simplify the divergence         if the medium is 

uniform, i.e., D, the constant of proportionality 

between the flux gradient and the current, does not 

depend on location. 

 In that case only 𝛻 ∙ 𝐽 =  𝛻 ∙ −𝐷𝛻𝜙 = −𝐷𝛻2𝜙 

i.e., the leakage is proportional to the Laplacian of . 

 Since the overall leakage from a reactor is positive, 

the overall 2 must be negative, i.e., the flux has 

overall negative curvature (called the buckling). 

[This may not be true at every point.]  
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Various Topics 

 The following slides treat various topics 

related to the multiplicity of particle 

speeds/energies. 
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Speed Distribution in a Population of Particles 

 In a population of free particles, there will be a 

distribution of particle speeds (or energies). 

 The temperature of a gas is a measure of the 

energy of motion of the gas molecules. 

 The molecules are flying around at various 

speeds, and exchanging energy in collisions. 

 Maxwell showed that in a gas at steady 

temperature T (on the absolute, Kelvin scale), the 

molecules will have a distribution of speeds 

given by a function which he derived.            
cont’d 
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The Maxwellian Distribution of Speeds 

 Let m be the mass of the particles and T (K) be 

the absolute temperature.  

 If we write the fraction of particles with speed in 

an interval d about speed  as n()d, then the 

Maxwellian distribution of speeds is: 
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Maxwellian Distribution in  
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The Maxwellian Distribution of Energies 

 The kinetic energy E of a particle is related to its 

speed  by E = m2/2.  The Maxwellian 

distribution can therefore be (and often is) 

written in terms of E instead of . 

 

 

 

   (See the graph on the next slide) 
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Maxwellian Distribution in E 
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Maxwellian Distribution for Thermal Neutrons 

 In a nuclear reactor, neutrons are “thermalized” 

by the moderator, i.e., they are slowed down to 

the “thermal” energy range (<~ 0.6 eV), where 

they are in thermal equilibrium with the ambient 

environment. 

 As a consequence, thermal neutrons in a reactor 

are almost in a Maxwellian distribution – the 

distribution is slightly perturbed by the 

absorption of neutrons in the fuel. 
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Exercises in Thermal-Neutron Distribution 

   Exercises which you may find interesting:   

 From the form of the Maxwellian in  and in E, 

show that the most probable kinetic energy in the 

Maxwellian distribution is  

    Epeak=kT/2 (≈ 0.0125 eV at room temperature),  

 Show on the other hand that the peak speed  

    peak corresponds to an energy of kT (≈0.025 eV at 

room temperature), and that this gives a value 

  peak = 2,200 m/s (not that slow, faster than a bullet) 



Overall Neutron-Energy Spectrum 

 The neutron energy spectrum is another name for 

the distribution of neutron energies. 

 Note: the Maxwellian distribution applies to 

thermal neutrons which have undergone 

thermalization by the moderator in the reactor; it 

does not apply to neutrons emerging from fission 

or to neutrons in the process of being thermalized! 

 Neutrons emerging from fission are fast – they 

have energies in the MeV range, with a specific 

spectrum; the neutrons being slowed down have a 

different spectrum still. 
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Energy-Group Methodologies 

 In reactor physics, we often subdivide the neutron 

population into “groups” by energy.   

 This gives rise to various models or methodologies: 

one-energy-group (often this is simply written as 

“one-group”) or multigroup methodologies, used in 

different applications. 

 This is where matrices are often useful, as they can 

be used to represent various operators acting on the 

flux vector.  

                                                                      cont’d 
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Energy-Group Methodologies (cont’d) 

 Examples of group methodologies: 

 One-group model to learn and study basic 

concepts; here all neutron energies are lumped into 

a single group  

 Multigroup (many-group, tens-or-hundreds-of-

groups) models in transport theory for lattice-

physics calculations 

 Often, 2-group models in diffusion theory for full-

reactor calculations; these 2 groups are typically 

the thermal neutrons (group # 2) and the “fast” 

(fission and slowing-down neutrons) group, #1.  
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1-Group Model 

 In the simplest, 1-energy-group, model, all neutron energies are 

lumped into a single group. 

 We can then think of the neutron flux (r) as a scalar – a number 

(function of position).   

 Similarly, we can also think of the various cross sections  as 

scalar operators (i.e, simple numbers, but functions of position) 

which will multiply the flux to produce reaction rates: 

           

 Thus, in the 1-group model, the flux and cross sections are all 

scalar – i.e., simple numbers, most likely functions of position. 

 There can also be other types of operators, e.g., the differential 

operator d/dx acts on a function (x) and provides its derivative, 

d/dx. 

rateactionRe
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2-Group Model 

 In the 2-energy-group model, there are 2 fluxes, 1 and 2, 
one for each energy group (each flux a function of 
position).   

    (Group 1  “Fast Group”, Group 2  Thermal Group) 

 We can combine these fluxes into a “column vector” flux  
of 2 quantities: 

 

 In the 2-group model, fluxes are 2-vectors, and operators, 
when written as matrices, are 2x2 matrices. 

 Note: We often drop the position label r for simplicity. 
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2-Group Model (cont’d) 

 Some operators are diagonal (i.e., they don’t mix the 
groups), whereas others are non-diagonal, i.e., they work 
on the flux of one group and produce a result in another 
group; examples: 

 the fission cross section may operate on the thermal 
flux and produce neutrons in the fast group, or 

 the moderation cross section will “down-scatter” 
neutrons from the fast group to the thermal group 

 Example below: The thermal production (or yield operator) acts on 
the thermal flux to produce a value (neutrons created) in the fast 
group:  
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Multiple- (or n-) Group Model 

 Similarly to the situation in 2 groups, in the  

    n-energy-group model we work with n-vectors and  

    n x n operators (matrices): 

 

 

 

 

  

 4...)(

...

...

...

.,.

1

1

11211



































nnnn

n

vectorsnotherandfluxesand

aa

aaa

operatorsge







2022 August 94 

Operators in Continuous Energy 

 The operators we have defined in the previous slides work 
on distinct energy groups, i.e., groups 1, 2, 3… 

 In some methodologies the energy range is not subdivided 
into distinct groups – energy is treated as a continuous 
variable. 

 In this case, the analog of a matrix operator becomes a 
“kernel”, which operates within an integral (e.g., on energy).   

 The kernel, which we shall call K, operates on a function of 
energy and yields another function of energy, e.g., if K is the 
scattering operator from all energies E’ to energy E: 

 
 

 

 Note that, as was the case in the matrix operators, the kernel 
can in general change energy (or scatter) – e.g., from E’ to E.  
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